By using a variant of the quantum inverse scattering method, commutation relations between all elements of the quantum monodromy matrix of bosonic Massive Thirring (BMT) model are obtained. Using those relations, the quantum integrability of BMT model is established and the S-matrix of two-body scattering between the corresponding quasi particles has been obtained. It is observed that for some special values of the coupling constant, there exists an upper bound on the number of quasi-particles that can form a quantum-soliton state of BMT model. We also calculate the binding energy for a N-soliton state of quantum BMT
Introduction
Quantum integrable field models in 1+1 dimensions are objects of interest due to their close connections with different areas of physics as well as mathematics [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . These integrable theories have played an important role in understanding the basic nonperturbative aspects of physical theories relevant in the realistic 3+1 dimensional models. Through quantum inverse scattering method (QISM) one can establish the integrability property of these models and obtain the spectrum as well as different correlation functions of the corresponding models [4] .
Massive Thirring model in 1+1 dimensions has been widely studied as a toy counterpart to low energy QCD, since it does not include many of the complications arising in 3+1 dimensions. The study of a nonlocal massless Thirring model is relevant, not only from a purely field theoretical point of view but also because of its connection with the physics of strongly correlated systems in one spatial dimension. This model describes an ensemble of non-relativistic particles coupled through a 2-body forward-scattering potential and displays Luttinger-liquid behaviour [11] that can play a role in real 1-dimensional semiconductors [12] .
Massive Thirring model in 1+1 dimensions can be treated through QISM for both bosonic and fermionic field operators [6] . In this article, we shall focus our attention to bosonic Massive Thirring (BMT) model. The classical version of BMT model is described by the Hamiltonian
by 'fusing' two Lax operators of DNLS model with different spectral parameters [13] .
The integrability of the classical DNLS model, possesing ultralocal PB structure, can be established from the fact that the corresponding monodromy matrix satisfies the classical Yang Baxter equation [14] . The quantised version of this DNLS model also preserves the integrability property. By applying QISM, the quantum integrability of DNLS model is established and the Bethe eigenstates for all conserved quantities have been constructed [14, 15] .
In an earlier work by Kulish and Sklyanin [6] , the Lax operator and the corresponding R-matrix for the quantum BMT model has been given, though the detailed calculations are not being explicitly shown. Moreover, the quantum Yang-Baxter equation (QYBE)
at the infinite interval limit and hence the corresponding commutation relation between the creation and annihilation operators have not been studied. However, it is evident that taking the infinite interval limit of the monodromy matrix and corresponding QYBE is necessary to get the spectrum for the quantum version of the Hamiltonian (1.1). In this context it may be mentioned that, by applying a variant of the QISM [3] which is directly applicable to field theoretical models, the quantum DNLS model has been shown to be integrable [15, 16] . The infinite interval limit of the corresponding QYBE enabled us to obtain the spectrum of all the conserved quantities including the Hamiltonian and also the two-particle S-matrix. Therefore, it is interesting to explore the integrability property of the quantum BMT model by using the same variant of QISM that we applied for DNLS model. In this article our aim is to establish such integrability property of quantum BMT model and to obtain the spectrum of all conserved quantities including the Hamiltonian.
The arrangement of this article is as follows. In Section 2, we consider the classical BMT model and evaluate the PB relations among the various elements of the corresponding monodromy matrix at the infinite interval limit. Using these PB relations, the integrability of the classical BMT model can be established in the Liouville sense. In this section we also derive the expressions for the classical conserved quantities of BMT model. In Section 3, we construct the quantum monodromy matrix of BMT model on a finite interval and derive the corresponding QYBE. In Section 4, we consider the infinite interval limit of QYBE and obtain the commutation relations among the various elements of the corresponding quantum monodromy matrix. Such commutation relations allow us to construct exact eigenstates for the quantum conserved quantities of BMT model by using the prescription of algebraic Bethe ansatz. In particular we are able to obtain the spectrum for the quantum version of the Hamiltonian (1.1). Furthermore we obtain the commutation relation between creation and annihilation operators of quasi-particles associated with BMT model and find out the S-matrix of two-body scattering among such quasi-particles. In this section we also calculate the binding energy for a N-soliton state of the quantum BMT model. Section 5 is the concluding section.
Integrability of the classical Massive Thirring model
The classical version of BMT model is described by the Lax operator [6] U
where
, λ is the spectral parameter and ξ is the coupling constant of the theory. The bosonic fields φ 1 (x), φ 2 (x) satisfy the PB relations (1.2) and vanish at |x| → ∞ limit. The monodromy matrix on finite and infinite intervals are defined as
and
respectively, where P denotes the path ordering and e(x, λ) = e
First, we want to investigate the symmetry properties of the monodromy matrix (2.3).
It is easy to check that, the Lax operator (2.1) satisfies the relations
By using these relations, we find that the symmetries of the monodromy matrix T (λ) (2.3) are given by
Due to the relation (2.5a), T (λ) can be expressed in a form
where λ is taken as a real parameter. Moreover, by using the symmetry relation (2.5b), it is easy to see that a(−λ) = a(λ) and b(−λ) = −b(λ). Therefore, it is sufficient to derive the PB relations among the elements of T (λ) only for λ ≥ 0.
Next, our aim is to calculate the classical conserved quantities of BMT model by using the approach described in Ref 2. From (2.2), one obtains the differential equation followed by the monodromy matrix T
Now, let us decompose the monodromy matrix in the form 8) where Z(x 2 , x 1 , λ) is a diagonal matrix and W (x, λ) is a nondiagonal one. The Lax operator of the classical BMT model can be expressed as
where U d (x, λ) is the diagonal part and U nd (x, λ) is the non-diagonal part of U(x, λ).
Using the above expression of the Lax operator U(x, λ) (2.1), the differential equation
The structure of the Lax operator (2.1) ensures that W (x 2 , λ) and Z(x 2 , x 1 , λ) can be written in the form
Substituting eqns (2.6) and (2.8) in the expression (2.3), and using W (x, λ) → 0 at |x| → ∞ limit, one obtains, ln a(λ) = lim
Substituting the explicit form of z(x 2 , x 1 , λ) (as obtained by integrating eqn.(2.9a)) to the above expression, we get the following form of ln a(λ):
Next, we expand w(x, λ) in inverse powers of λ as
Using the differential eqn.(2.9b) followed by W (x, λ), the expansion coefficient w j s can be obtained explicitly in a recursive way. The first few nonzero w j s are given by
Substituting w j s in the expression of ln a(λ) (2.10), one gets
where C n s represent an infinite set of conserved quantities. The first two of them are explicitly given by
11a)
Next we expand w(x, λ) in powers of λ as
In a similar way as above, using (2.9b), the first few nonzerow j s can be obtained as
whereC n s represent another infinite set of conserved quantities. The first two of them are explicitly given bỹ
Now by combining these two sets of conserved quantities, the mass, momentum and the Hamiltonian of classical BMT model can be expressed in the following way:
Next, we want to derive the PB relations among the elements of T (λ) (2.6). We apply the equal time PB relations (1.2) between the basic field variables to evaluate the PB relations among the elements of the Lax operator (2.1) and find that
, s c = 2λµ λ 2 −µ 2 . Now, by using the eqns.(2.13) and (2.3), one obtains
. By substituting the symmetric form of T (λ) (2.6) to eqn.(2.15) and comparing the individual elements in both sides, we obtain
From eqn.(2.16a) it follows that all expansion coefficients occuring in the expansions of ln a(λ) will have vanishing PB relations among themselves. Hence, the following expressions will hold true
for all values of m and n. Since the mass, momentum and the Hamiltonian of the classical BMT model has been expressed in terms of the expansion coefficients C n andC n s, all of them will have vanishing PB relations among themselves. Thus the integrability property of the classical BMT model, described by the Hamiltonian (1.1), is established in the Liouville sense.
Commutation relations for the quantum monodromy matrix on a finite interval
By using a version of QISM which is directly applicable to field models [3] , in this section we shall show that the quantum monodromy matrix of BMT model on a finite interval satisfies QYBE. The basic field operators of the quantum BMT model satisfy the following equal time commutation relations:
and the vacuum state is defined through the relations φ 1 (x)|0 = φ 2 (x)|0 = 0.
In analogy with the classical Lax operator (2.1), we assume that the quantum Lax operator of BMT model is given by
and f 1 , f 2 , g 1 , g 2 are four parameters which will be determined later in this section through QYBE. Using the Lax operator (3.2), the quantum monodromy matrix on a finite interval is defined as
where the symbol :: denotes the normal ordering of operators. This quantum monodromy matrix (3.3) satisfies a differential equation given by (1 + σ 3 ) and e 22 = 1 2
(1 − σ 3 ). Now, to apply QISM, we have to find out the differential equation satisfied by the product T
(µ). By using the basic commutation relations (3.1) and the method of 'extension' [3] , we find that the product of two monodromy matrices satisfies the following differential equation (detail calculations are given in Appendix A):
In the expression (3. 
where X and Y may in general be taken as some functions of the basic field operators.
Now one can easily check that L(x; λ, µ) (3.6) follows an equation given by
where R(λ, µ) is a (4 × 4) matrix of the form
with t(λ, µ) =
and q = e −iα . The above equation (3.7) enables us to determine the exact expressions of the parameters f 1 , f 2 , g 1 , g 2 , α in terms of the coupling constant ξ. We obtain :
Using eqns.(3.5) and (3.7), we find that the monodromy matrix (3.3) satisfies QYBE given by . The parameter α has a one-to-one correspondence with the coupling constant
. For the purpose of investigating the classical limit of the quantum Lax operator (3.2), we take the α → 0 limit which is equivalent to theh → 0 limit for a fixed value of ξ. From eqns.(3.9b,c), it follows that at this limit f 1 , f 2 → ξ and g 1 , g 2 → ξ.
Hence we find that the quantum Lax operator (3.2) correctly reproduces the classical Lax operator (2.1) ath → 0 limit.
Algebraic Bethe ansatz for the quantum monodromy matrix on an infinite interval
The quantum monodromy matrix in an infinite interval is defined as
where T 
where K and K ′ matrices have appeared earlier in eqn.(2.4). Using eqn.(4.2a), the quantum monodromy matrix (4.1) can be expressed in a symmetric form given by
where λ is a real parameter. From eqn.(4.2b), it follows that A(−λ) = A(λ) and B(−λ) = −B(λ). So it is sufficient to obtain the commutation relations among the elements of the quantum monodromy matrix (4.3) only for λ ≥ 0. Now we aim to obtain the infinite interval limit of the QYBE satisfied by T (λ) (4.3).
To this end, we split the L(x; λ, µ) matrix (3.6) into two parts:
where L 0 (λ, µ) is given by
and L 1 (x; λ, µ) is the field dependent part of L(x; λ, µ), which vanishes at x → ±∞. From eqn.(3.7) we get R(λ, µ)ε(x; λ, µ) = ε(x; µ, λ)R(λ, µ) , (4.4) where ε(x; λ, µ) = e L 0 (λ,µ)x . By using the above mentioned splitting of L(x; λ, µ), we derive the integral form of differential equation (3.5) as
From this integral relation it is clear that at the asymptotic limit x 1 , x 2 → ±∞, T
, which is an oscillatory term. To get rid of this problem, we define an operator like
(4.5)
In the above defined operator, the oscillatory nature of T
(µ) has been removed and W (λ, µ) is perfectly well behaved at the limit x 1 , x 2 → ±∞. By using (3.10) and (4.4), it is easy to verify that the operator W (λ, µ) (4.5) satisfies an equation given by
The above equation represents the QYBE of BMT model at an infinite interval limit.
Next, we want to express the QYBE (4.6) directly in terms of the monodromy matrices (4.1) defined in an infinite interval. For this purpose, W (λ, µ) (4.5) can be rewritten as
with E(x; λ, µ) = e(x, λ) ⊗ e(x, µ). Substituting the explicit forms of E(x; λ, µ) and ε(x; λ, µ) to (4.8a,b), and taking the limits in the principal value sense: lim x→±∞ P (
Substituting the expression of W (λ, µ) (4.7) in eqn.(4.6), we can express this QYBE for the infinite interval in the form
By inserting the explicit forms of R(λ, µ) (3.8), C ± (λ, µ) (4.9), and T (λ) (4.3) to the above QYBE (4.11) and comparing the matrix elements from both sides of this equation, we obtain the following commutation relations:
It is interesting to note that, for the case λ = µ, eqn. 
where µ j s are all distinct real or complex numbers and
represents a Bethe eigenstate. Using the commutation relation (4.12f) one can also calculate the norm of the eigenstates
However, the commutation relation (4.12f) contains product of singular functions (
, which is undefined at the limit λ → µ. As a result,
are not normalised on the δ-function. To solve this problem, we consider a reflection operator given by
and its adjoint R(λ). By using eqns.(4.12a-f), we find that such reflection operators satisfy well defined commutation relations like
The S(λ, µ) defined above represents the nontrivial S-matrix element of two-body scattering among the related quasi-particles. We find that this S(λ, µ) satisfies the following conditions: 17) and remains nonsingular at the limit λ → µ. Consequently, the action of the operators like R † (λ) on the vacuum would produce well defined states which can be normalised on the δ-function.
The point to be noted here is that in eqn.(4.13), the eigenvalues of A(λ) are in general complex. To get real eigenvalues, we define a new operator lnÂ(λ) through the relation lnÂ(λ) ≡ ln A(λe
−iα
2 ) and expand this operator in inverse powers of λ:
Using eqns.(4.13) and (4.18), it is easy to see that C n s satisfy eigenvalue equations like
where the first few χ n s are explicitly given by
It may be noted that these eigenvalues are all real when µ j s are taken as real numbers.
Next we expand the operator lnÂ(λ) in powers of λ as
and by using (4.13) we obtaiñ
The first fewχ n s are explicitly given bỹ
In analogy with the classical case, one can now define the momentum and Hamiltonian of the quantum BMT model as
By using (4.19) and (4.21), the eigenvalue equations corresponding to the above momentum and Hamiltonian are obtained as
In the above expressions, µ j s are taken as real numbers and |µ 1 , µ 2 , · · · , µ N represents a scattering state. Now to construct quantum N-soliton states of BMT model, complex values of µ j can be chosen in such a way so that the eigenvalues corresponding to different expansion coefficients of lnÂ(λ) still remains real. Such a choice is given by takes the form
Consequently, the energy eigenvalue equation corresponding to the quantum N-soliton state can be obtained as and (4.26), we find that
Using eqn.(4.22), the total energy for N number of such single particle states is obtained as
Subtracting E (4.25) from E ′ (4.28), we obtain the binding energy of the quantum N-soliton state as . Now, for E B (α, N) to represent the energy of a real bound state, E ′ has to be greater than E. Since E ′ (4.28) is always positive, it is evident that E ′ > E for E < 0.
So we will restrict our attention only for the case E > 0, when the condition E ′ > E is equivalent to E ′ 2 > E 2 . Substituting the explicit expressions for E ′ (4.28) and E (4.25), the above condition takes the form N sin α > sin αN . 
Concluding Remarks
In this article we consider the classical Lax opeartor of BMT model and obtain the PB relations among various elements of the classical monodromy matrix at the infinite interval limit. By using these PB relations, the classical integrability of BMT model is established in the Liouville sense. We also calculate the classical conserved quantities of BMT model.
Next, we quantise the Lax opeartor of BMT model. By using a variant of QISM, that can be directly applied to the field theoretic models, we obtain the QYBE for the quantum monodromy matrix at a finite interval. This QYBE enables us to determine the various parameters of the quantum Lax operator in terms of the coupling constant ξ. Then we take the infinite interval limit of this QYBE and derive all possible commutation relations among the various elements of the corresponding quantum monodromy matrix. These commutation relations enable us to establish the quantum integrability of BMT model and also to construct the exact eigenstates for the quantum version of the Hamiltonian (1.1) as well as other conserved quantities by using algebraic Bethe ansatz. We also obtain the commutation relation between creation and annihilation operators associated with quasi-particles of BMT model and find out the S-matrix for two body scattering.
In this context, we consider the BMT model with some special values of coupling constant given by ξ = − sin α = − sin( The commutation relation between creation and annihilation operators will play an important role in the future study, since by using it one might be able to calculate the norm of Bethe eigenstates and various correlation functions of the BMT model. In future,
we would also like to obtain the quantum conserved quantities of BMT model in terms of the field operators by using a method which was used earlier in the case of nonlinear Schrodinger model [17] and DNLS model [16] .
